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1 Introduction 



Maximally supersymmetric gauge model in four dimensions that contains fields 
with spins at most one is N=4 supersymmetric Yang-Mills (SYM) theory pQ. 
This theory is distinguished for its fmitencss and duality properties and studied 
extensively since last three decades (for some reviews see [2] [3]). In spite of 
these facts, a superfield formulation of N=4 SYM in extended superspace is still 
lacking. An off-shell formulation in terms of auxiliary fields of the N=4 SYM 
multiplet is still unknown (for a formulation with an infinite number of fields 
see [3]) A progress made in this direction was to accomplish the equivalences 
of the superfield constraint equations and the equations of motion for N=3 and 
N=4 SYM theories •">. (i . In [7] a complete proof of this equivalence relation for 
N=3 SYM was given by introducing a suitable gauge choice which eliminates 
gauge freedom depending on Grassmann coordinates. Obviously, by superfields 
we mean fields written as functions of superspace variables. Indeed, this gauge 
choice permits one to find some recursion relations from the constraint equations 
to construct superfields order by order in Grassmann variables. This method 
was also applied to ten dimensional SYM equations 8J. Unlike the accustomed 
superfields, components of the superfields constructed in [3 [8] do not encompass 
any auxiliary field. Hence, they do not demand an off-shell supersymmetric 
formulation, but at the cost of considering superfields which do not possess the 
usual supersymmerty properties. 

Superfields constructed in [H] were employed to construct physical states in 
Berkovits quantization of superparticles and superstrings in ten dimensions [9] . 
Also, the approach of [7] was applied to define deformed N=4 SYM equations 
[10] . Recently, in terms of these superfields an alternative superfield formulation 
of N=l SYM without auxiliary fields in 4 dimensions was given [TTj . 

We present a formulation of 4 dimensional N=4 SYM action in terms of the 
superfields of [7J. Moreover, we show that these fields can be written as integral 
forms and be collected in a "master" superfield such that the N=4 action can 
be expressed in a simple, compact form. 

Though how to determine components of the superfields by recursion rela- 
tions is known, actual calculation of components which are third or fourth order 
in Grassmann variables is a hard task. One of the other important issues to 
write an action in extended superspace is to define a measure which is invari- 
ant under the global SU(4) group. We propose a measure which is suitable to 
achieve our goal. Acquainted with these we write an action in terms of super- 
fields and prove that the action of N=4 SYM theory in terms of component 
fields results, after a lengthy calculation. For the coefficients appearing in the 
action there are more than one solution. 

Engaging differentials of Grassmann variables the N=4 SYM superfields can 
be written as integral forms [12] (see also [13] ) and be collected into a "master" 
superfield. Then, the N=4 SYM action can be written in a compact way. This 
action is apparently first order in space-time derivatives and there are two terms 
which are quadratic and cubic in master superfield. Indeed, all other powers of 
master superfield give vanishing contributions to the action. Also in this case, 
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there are some different solutions for the coefficients involved. 

In the next section we recall formulation of 4 dimensional N=4 SYM theory 
in terms of component fields. In Section 3 after giving the definitions of su- 
perfields, we present their first two components in Grassmann variables of the 
extended superspace. The higher components are listed in Appendix. In Sec- 
tion 4 we present the general formulation in terms of superfields after a choice 
of measure. In Section 5 we give the definition of master superfield as a col- 
lection of integral forms. We demonstrate that the N=4 SYM theory action in 
extended superspace acquires a simple form. In the last section we discuss the 
results obtained and some open questions. 

2 Component fields formulation 

The N=4 Yang-Mills supermultiplet consists of one gauge fielcH 
eight Weyl fermions A, a , and six scalars ^ij = ~ ( t > ji — h^ijkl<P ■ Spinor 
indices are@ a, a = 1,2. i, j = 1, • • • , 4, denote indices of the global symmetry 
group SU(4). In fact, a aa is a singlet, Xf and A^ are in the 4 and 4 represen- 
tation and 4>ij are in the second rank, self dual 6 representation of 577(4). All 
of the fields are in the adjoint representation of a non-abelian gauge group. 
Hermitian conjugation which we attribute to the fields is 

N=4 extended SYM action in the component fields a aa , A; Q , (frij can be writ- 
ten as 

I = J ^^(i/^/^ + i/^/^ + lD^^D^^-^AfD^ 

-I^{Af,A ia} - ^<MA4,A^} + (i) 

where D aa = d aa + [o-aa, •]■ /a/3 an d j " ajj are self-dual and anti-self-dual field 
strengths defined aa^| 

/a/3 = 2 ^ ^ (j^aaOpp dfipOaa ~t~ [^ad > , 
/d/3 = ~~2^ ^ \paa. a pi) ~ dfipQ-aa + [flad, a /3/j]) ■ 

The action |T|) is invariant under the on-shell N=4 supersymmetry transfor- 
mations: 

Sa aa = — £ia^ a ~ £&^iaj (2) 

3 We always make the identification x a ^ = o"£V ie^ , x aa = (r™i' 1 , d a a = ff^flji . 

4 We use Wess-Bagger conventions 1141 to raise and lower the spinor indices: 9 a = 
e a ^ ,0 a =€<*(> 6 p,e aP ePi = 5%. 

5 Note that, / Q(3 = (CT M ")2e 7(3 / AU/ and = e & ^ f (a> 1 »)''f flv where / M „ = d^ay - <9„a M + 
[a M , a„] as usual. 
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SX ia = 2i^f al3 -i^ a [^ k ,^]-2i^D a ^ l3l (3) 
where are constant Weyl spinors 



— £f Aja - Xia + ^ijkl^X la , (4) 



3 Superfields in N=4 superspace 

N=4 extended superspace is parametrized by the coordinates 

(^,ef,ei). (5) 

Translations in this extended superspace 

x adt ^x a& +2i{cxe ict +Qjv) , ^->c+cr , h ^ei+ a 

are generated by T = CfQa + (&Q?> where (",C a are Grassmann constants. 
The supercharges 

Qi = -^~iO i& d a6l , Qut^-J^ + ietda*, (6) 

satisfy the graded algebra 

{Qa-iQ^} = {Qai,Q/3j} = [daa,Q}j] = [ctacnQ^jJ = 0. 

To construct supersymmetric actions in superspace it is convenient to be ac- 
quainted with the differential operators 

D « = W + l ^ da& ' t, ia = -g^;-i0?d a& , (7) 
that anticommute with the supercharges ([6]): 

An off-shell N=4 SYM formulation is not available which would lead to con- 
struction of N=4 superfields living in the N=4 superspace (f5]) making use of 
accustomed methods. However, there exists another approach of introducing 
superfields whose components are constituted by the fields which are not auxil- 
iary, in terms of the constraint equations for the superconnections A a & , uj % a and 
&ia [Z]- The supercovariant derivatives in N=4 superspac^l, 

VL = d^ + k,.], (8) 

V i£i = D 4 d - [u>ia, ■], (9) 
V a d = daa+[Aa & ,-]. (10) 



3 Note that, (A a ^ = -A g& but (wjjt = O i6 
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should satisfy the constraint equations 

{V^Vjct} = -2*^Vad, (11) 

{Vi,Vj} = -2te a/ ,$« , {V?,Vf}=2^<%, (12) 
[V < a ,V^]=c a/J AJ , [V id ,V /3/ j] = -e (i/ jA </9 . (13) 

Here the upper-case letters indicate superfields whose first components are pro- 
portional to the component fields given by the lower-case letters. Let us also 
define the operator 

t> = 0?v* a - e^Via. (14) 

One can show that Bianchi identities resulting from ([11 p — (|13 JI lead to the recur- 
sion relations 

VA a6l = -9 ia Ai-9iAi a , (15) 
VA ia = 2i9?F a p-i[$ ik ,$ k ^e ja -2ie j6 'V a c*$i j , (16) 
VSiij = 0fk ja -0f\ ia + e m 0lX l ™. (17) 

Being superconnections there are some redundant parts inw,w which should 
be eliminated, obviously leaving the usual Yang-Mills gauge transformations 
intact. Adopting the gauge fixing condition 

+ e*wu, = o, (is) 

that eliminates all the gauge transformations depending on the Grassmann co- 
ordinates Of, 6 la , which is similar to the Wess-Zumino condition, the recursion 
relations for the spinor superconnections can be derived from (|15[) and (|17[) as 

(l+2?)w* = 2i0™A adt -2i$ ij 0?, (19) 
{l+V)Q i& = 2i0fA adt + 2i$ ij j & . (20) 

Note that after the gauge choice (fT8"|) the operator (TH)) turned to be the 
counting operator of the anticommuting coordinates Of and 0\ : 

v _ „„ d d 



dOf dQ™ ' 

Therefore, the superfields uj,A, A can be found from the recursion relations 
([T5 ]) -(j2l3 ]) order by order in 0, 0. 

When one replaces the upper-case letters with the lower-case ones in ([T5|)- 
(|16[) . T> can be replaced with 8 which is the supersymmetry transformation 
with the replacements £ — > 0, £ — ► 0. If the above superfields are written 
order by order in 0, 0, as 

(21) 
(22) 
(23) 



A ■ 


= m2- 




l_ e /((") 

T Sn^ad 


c6. . 






Up $(?) 


Aia 


= *oA<°>- 




+ z A (n) 
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where s m ,e m , z m ; m = 0, 1 • • • 16, are real constants, the unique solution to any 
desired order can also be found as, 

A&^SA&r* , ^f=S^- 1] - A^=^r X) (24) 
by setting sq — eo = zq — 1 and 

s m = e m , Tn,z m = s m —\ , Tns m — z m —i] m = 1, • • • , 16. (25) 

Hence, to obtain the superfields A, A, $ one can proceed in two equivalent 
ways: Make use of the recursion relations (fTS"l) ~ (fT!))) directly or perform the 
transformations (|24p . 

In terms of the arbitrary scale factors / and b which are real constants, let 
us define the zeroth order components as 

A (0) _ . a(0) _ „ $ (0) _ , , 

The first order components of the superfields A, $, A can be derived from these 
as 

A *l = -lOiaXi-W^ia, (26) 

A&> = 2ie?f a0 -ib 2 [4> ik ,cl> k % a -2ib9 j& D aa <t> ij , (27) 
^ij^ ~ 10? ^ja — l0fXi a + hijki0\\ la ■ (28) 

On the other hand, the spinor superconnection u> can be separated into two 
parts: 

such that the gauge condition (fT5)) takes the form 

6?v l a + 6 i& v i6t = , 0?< = 6 i& u i6t = 0. 

There are no zeroth order components, their first and the second order com- 
ponents can be calculated from the recursion relations (fH?)) - (fl?0"|) and (f!?6"|) - (P5)) 

as 

V W=iS i *a aei , vW = ^§ i *(0 ka % l + 8*\ ka ), (29) 

= -iw^ , «w* = ^e ja {e i& V & - e^'xi). (so) 

Here we presented the first two components of the superfields. The higher 
order terms are listed in Appendix. 

4 N=4 SYM action in terms of superfields 

We wish to find an action in terms of the superfields u, A, A, $ and the deriva- 
tives d a a, such that after performing integrals over the Grassmann variables 6, 9 
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it attains the action in terms of component fields |T]). Inspecting components of 
the superfields w, A, A, $ one observes that if we do not restrict the integration 
over #, 9 but integrate over the whole superspace, the desired result cannot be 
achieved. 

We propose the action, in terms of the constant parameters ki , • • • , ke, 

S = lh< Qi & d« a Uji > +lk 2 < Wja[A™ a ,Cjjj > 

+ik 3 < Lu ia A ia - Qi^A™ > +k 4 < A a aA aa > 

+ik 5 < {-"■■-■:.) + >1>' J {-,„■-■;} > +k 6 < Qy*** >, (31) 

where we defined, by the normalization constant N = 1/3200, 

<o>=n( I d A x deyejadffide 361 tv o) . (32) 

\J / 9=8=0 

Thus, the only non-vanishing 8,9 contribution to the integral is 

< efO^WKix) >= ^-e^e^^S] + 5*51) J d ^ Tr £(«), (33) 

for any function fC(x). With this choice of measure (|3"2")) . due to mass dimensions 
and R-charges of the superfields (Table 1), (|3 1 1) is the most general action one 
can write up to total derivatives. 



Table 1: Dimensions d, and R- weights. 





A ■ 


h 






Oi 


d 


1 


3/2 


1 


1/2 


-1/2 


R 





-1 


-2 


1 


-1 



Because of the choice of measure (|3"2"j) which is manifestly ST/ (4) invariant, 
components of the superfields at most up to the fourth order in 9, 9 are required. 
Carrying out integrals over the variables 9, 9 in (|31[) is a very lengthy calculation 
although it is straightforward. Nevertheless, using the identity 
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(34) 



and performing the integrals over 9, 9, we conclude that to get the action (fTJ) 
from (l3T|) the coefficients k\ , ■ ■ ■ , fee, should satisfy the equations 



12fc 2 - 3fe x - 4k 3 + 2ki 
-3fci + 10fe 3 - 8fc 4 
k 2 - 2fc 5 
ki — 2ke 



0, 



207V' 
0, 



1 



lOAfl 2 



(35) 
(36) 
(37) 
(38) 
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3fci - 10fc 3 + 16A: 6 = jyfip, (39) 

3 

-k 2 + k 3 - k 4 + 2k 5 + 2fc 6 = - 20Afbl2 , (40) 

-3fc 2 - 7k 3 - 3fc 4 + 18fc 5 + 16A: 6 = y^V' (41) 
Although these equations possess some different solutions, by fixing 



3*4 



(42) 



one obtains the solution 



fci = -8(104 + 6(282 + 6(16 + 636))), (43) 

fc 2 = ^(-2815- 46(1974 + 6(115 + 4416))), (44) 

fc 3 = -^(105 + 6(282 + 6(20 + 636))), (45) 

U = -3 (21 + 46 2 ) , (46) 

h = |, (47) 



with the scale factors 



6=-y/-2 + \/2672 , I = 4^(5 - 46 2 )/39, (48) 
whose signs can be taken diversely, i.e. 6 — > ±6, Z — > ±Z are also solutions. 

5 A formalism by integral forms 

To acquire an understanding of underlying geometrical aspects of the formula- 
tion given in the previous section, we would like to write superfields as integral 
forms [THH3]. Let us introduce the differentials d8,d8 whose (wedge) products 
are commutativ^J 

d$f/\d$f = dO^AdO?, 

d(l- ' do- ' = d$ j P A(# d , 
d6f Ad6 jdl = d9 j6! Ad6?. 

Obviously, to each superfield one can associate an integral form and write 
the action (|3ip in terms of these forms. This would not give a new insight. How- 
ever, we can collect differential forms possessing different degrees in a "master" 
superfield as 



7 Here, we write the wedge product symbol A explicitly to avoid the notational confusion. 
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fi = Cl (u l a + v l a )d6? + ic 2 (2A a& d9f A dti™ + 3& j e a/3 d0? A dflf ) 
~2ic 3 {A ia e 6il jd9f A d9 l6 < A d¥ {i + 4k\t afi d9^ A d6f A def) 
+2c i {2F aP e 6i pddf A dflf A d9 i& A d0^ + SF^e^de™ A A d0? A d$$ 
+3[*, fcl S^e^e^tW? A ddi A d0* d A dH). (49) 

Construction of this master superfield is twofold: Firstly, each component is 
chosen to possess mass dimension equal to its form degree, e.g. the first compo- 
nent is a one form and it has mass dimension one. Secondly, once the first order 
components are chosen as one form, the second order components are related 
to the first ones up to the constant C2, by the recursion relations (|19j) replacing 
in the right hand side explicit 9, 9 with the differentials d9, d9. The third order 
ones are obtained from the second order components utilizing the recursion re- 
lations (fl5|) . (fT"7|) . up to the constant C3. Similarly, the fourth order terms are 
derived from the recursion relation (|16p of the third order components, up to 
the constant C4. 

To write an action we also need the hermitian conjugate of f2 : 

= -d(tt,-d + V i6 c)d6 i6! + ic 2 {2A a6l d9f A d9 l6t - M>, , t jltr A d9 j0 ) (50) 
-2ic 3 (4A la e &l jd9f A d9 ldl A dP* + A l d e a/3 d0 J ' d A d9f A dflj) 
-2c 4 (8F a0 e^d9f A dtf A d9 ldl A dS*? + 2F^e af3 d0 i& A dd^ A d0f A d»f 
+3[$ lfc , 'I 1 ''*' !( „; ( Wy A A d9 l& A d0^). (51) 
Let us introduce the operator 

d = id a6l d9f A d9 l6 < 

which corresponds to derivatives d/dx^. In terms of the constants mi, 7712,7713, 
we propose the action, suppressing superspace integrals and trace over the gauge 
group, 

I = miO* A d A + m 2 fi f A £1 + m 3 (fi A fi f A fi + fi f A fi A fi 1 ) (52) 

and the SU(4) invariant 4— form 

dfl? A dflj A d9 k6L A = e aP e^{5 k ; 5\ - S^dff^dB^dS^dS^ . (53) 

All other powers of the superfields fi, fi' give vanishing contributions due to the 
choice of the measure (|32p - (j3"3")l . Comparing the coefficients of ([52")) with (|31[) 
one can show that they are related as 

k\ = SmiCi, k 2 = — \2m 3 c\c 2 , k 3 = — A&ra 2 c\c 3 ^ 
ki = —48m 2 c 2 , £5 = — 67713C1C2, kg = 72m 2 c 2 - (54) 
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C4 does not play any role. Note that in this case the condition (1421) . namely 

3fc 4 

Kr = 

b 2 

is dictated spontaneously. Replacing fci, • • • , fee m fl31|) with the values given 
in (|54|) . one obtains the equations which ci, ■ ■ ■ ,7713 coefficients should satisfy, 
so that |52|) reproduces the action ([1]). There exist several solutions to these 
equations. By setting 

ci = c 2 = 1 

one can show that there exists a solution such that 

c 3 = 4+y6(4 + 6 2 ), (55) 

g 

mi = --(104 + 6(282 + 6(16 + 636))), (56) 

m 2 = l(21 + 46 2 ), (57) 

m 3 = ^(2815 + 46(1974 + 6(115 + 4416))), (58) 
where 6 and I are given with (|4"5)l as before. 



6 Discussions 



Wc presented a supcrfield formulation of N=4 SYM theory in 4 dimensions. 
Superfields which we deal with do not possess auxiliary fields, in contrast to the 
standard superfields which one engages to formulate off-shell supersymmetric 
theories. Thus, techniques to carry out calculations like taking variations or 
performing path integrals of their functionals with respect to these superfields 
are obscure at the moment. Hence, we also do not know how to imply super- 
symmetry invariance of the action (|31 [) at the level of superfields. In spite of 
all these facts, being able to introduce integral forms to write the action (|31[) 
in terms of the master superfield f2 (|52[) is very promising. Getting a better 
knowledge of the geometrical aspects of the master field (|49l) can shed some 
light on the use of our formalism. One of the tools to deepen the understanding 
how to operate with these superfields is to study the analogous formulations of 
the N=l SYM in 4 and 10 dimensions. Although, the former is available the 
latter case is still missing. 

Possessing a superfield formulation of N=4 SYM, even though without aux- 
iliary fields, should also be helpful to study deformations of it in terms of Moyal 
brackets: In spite of the fact that deformed equations of motion of N=4 SYM 
were worked out [lOj an underlying action is still missing. 
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A Higher components of superfields 

Here we list components of the superfields which are not given in Section 3. 
Because of the choice of measure (l32j) - (|33|) some of the terms of components 
evidently give vanishing contribution to the action (|31[) . Below, " • • • " indicates 
these terms which are not needed for our calculation. 

From (|26[) by making use of the recursion relations p3|) - (fTB|) or performing 
the supersymmetry transformations (|24[) . the components of the superfield A a a 
can be obtained as 

4 2 2 = -i^J^f^ + Ol^Up-b^JiW*,^}) +■■•, (59) 
A ( H = -pi^^D^ + 9 ka B^ + ptD^Xkp + ^D^Ata + b9 joi [X kf} , 4> kj \) 

-f^^(^D^Af + ffppaXi + O^D^Xl + flfD^Aj - 6^[Aj,^])) + • • • , (60) 

+2ie j7 (o 3 6 p (lfi f*> + Pp P& f^) + (d w /, 7 + d^.) 

(-4i6 2 ^[D^/-, ^] + 2/ 2 #£{A* , A^} - 2l 2 flf {A*, A fc/3 }) ) 
-^d0f A^} + ^ a {Aj, A fc/3 }) + Z 2 ^ (0 fca {A j7J , X^} + 9 k0 {X ja , Aj}) 

+2*^ (9 Jfl B a0 ffr + BjaDrffb) + 2i9^9] (D^/ a7 + D^) 
+0 3 - a (-4i6 2 ^[D^<^ fem) + 2/ 2 ^{A fe/3 , A J . } - 2Z 2 ^{A|, A fc/3 ) ) + • • • .(61) 

To derive components of the superfield Ai Q one departs from (|27[) and uses 
the recursion relations |T5| or performs the supersymmetry transforma- 
tions (gH) : 

= Tj^f ^fe / 3D ct( iA feQ! + 0fe ct D / 3 ti A feQ! + 3fl' :a D 0[ jA^ 
+^D /3d A feQ +6^ Q [A fc , 3 ,^']) 

+Y^ Q (eifcimfl 1 *^^] - e k ™[xi, fa] + ¥«[x%,fa]) 

+U9 j£> (b0 ka [Xl , fa] + Wl [X ka , fa] + 9?D aA X i0 + ....)+..., (( 

A m = i (6 % 6™{2i 2 e kp {x ma , x k «} + 8i 2 e ka {x mP , A fcd } - 2/ 2 e mQ {A^, A fe "} 

+6l 2 9 k «{X mai X kfj } + 2i9 m0 T) a pfP + 2i9 ma D^ri>) 

+2i9?9 m *{9lD f3& f ai + 2b 2 9 kf V a6l \<\> k \fa n ] + b 2 9 ka T> 0a \<f> ki , cj> jm ] + 6 2 ^ a [D^^ m ,^ 
-; 2 ^(5^0 fcQ + ^ Q 0f){A l/3 ,A^} 

-2l 2 e ik i m 9 jd, 9 ja 9^{XJ, X k } - 4l 2 9^9^9 k& {X ka , X w } 
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+2ib 2 e ja 92(e lkh J l& {n l6l( f ) mn , <fp] + 0^[D 7d <^ fe , & fc ]) 

-2ib9 j «9?(b6 mf3 D a& [ct>ik,ct> km } + 2^D Qd D^^ fe ) 

+ib 3 e jdt e J S(e ja [[ci> nk ,^ nm ], ( p ik } + ±e ha [{<j> kn ,<t>nm],<t>ij]j) +■■■■ (63) 



Similarly components of the superfield 4> lJ are calculated from J28J) in terms 
of the recursion relations (|15[H(|16p or the supersymmetry transformations (|24[) 
as 

$ (2)y ' = - l -{2bWj a k \) a ^ k - be^ u e n ^D a&< t> ln - b 2 eie m ^\cp km ] 

$(3)« = l -(^w^e k htT> a ^ - ie^ kl e m ^diB ad x v + ibe^e^efix^,^} 
+iw™ex[A ka ,<f> ik ] - 3ibe l& e^e^[\ ma , <jj k ] + ibe^e™^^,^} 



+2ibep m J ia [x%,<y k ] + l ^ kl e lnpr ep ma ^[x r $ ,<p nm ] - ^ e ««0«0 roQ H[A> <^ n ] 



+-e i i kl ete m J m ^Ai n ])-\{i^j)+---, (65) 



lb t 
2 

$ (4)y ' = ±(e jkln 6™6Z6? (6 3 ^ Q [[0„ r , <f% fcm ] + 2« 2 0£{A„ a , A fe/3 }) - Ai^O^O^ Q k Q ma [A™, A^] 

-b*e i& o%e na {?>etW\ [t, 0™]] - W fe , [fe-, 0™]]) 

+5b 3 6™eilh n , [<r r , <M - b^ei^, \pr r , <M) + 2ii 2 e^ kl etePJ m& ei{x nai x w }) 

•')••••• ™ 

To find the third and fourth order components in 9, 6 of the spinor super- 
connections oj l a = vf + u l a one takes ([29]) ([30)) and operates with the recursion 
relations flT5l)-(IT6l): 



v (3)i = ^{pJP.f ap + ^e i0 ^ k Ak m i)+---, (67) 
ui 3)4 = -Je J • a ^(^[^^0 fcm ]-^ A [0^0 fcro ])-2^ Ja ^D^ fc + ••., (68) 

+^6 fca D /3/ jA* /} + &^<W<T fc , A fe/3 ]) + • • • , (69) 
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-3b0ffi & [<f> ik , X m0 ] - be ikln e?ei & [\ n 0, <j> km \) +■■■■ (70) 

The higher components in 9, 9 which are not listed here do not play any role 
in our calculations. 
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